
  

 

Quadcopter Plant Model and Control System Development 

With MATLAB/Simulink Implementation  

By 

Nicholas Ferry 

A Research Paper Submitted 

 

in 

 

Partial Fulfillment 

 

of the 

 

Requirements for the Degree of 

 

MASTER OF SCIENCE 

 

in 

 

Electrical Engineering 

 

 

Approved by: 

 

 PROF__________________________________________________________ 

(Dr. Daniel Kaputa, Research Advisor) 

 

 PROF__________________________________________________________ 

(Dr. Sohail A. Dianat, Department Head) 

 

DEPARMENT OF ELECTRICAL AND MICROELECTRONIC ENGINEERING 

KATE GLEASON COLLEGE OF ENGINEERING  

ROCHESTER INSTITUTE OF TECHNOLOGY 

ROCHESTER, NEW YORK 

December 2017 

 



i 

 

Contents 

Table of Figures ........................................................................................................................................... iv 

List of Tables ................................................................................................................................................ x 

Nomenclature ............................................................................................................................................... xi 

Chapter 1 - Introduction ................................................................................................................................ 1 

1.1 Components ........................................................................................................................................ 3 

1.1.1 Propellers (1) ............................................................................................................................ 4 

1.1.2 Motor (2) .................................................................................................................................. 4 

1.1.3 Battery (3) ................................................................................................................................ 5 

1.1.4 Electronic Speed Controller (ESC) (4) .................................................................................... 5 

1.1.5 Flight Controller (5) ................................................................................................................. 6 

1.1.6 Transmitter/Receiver (6) .......................................................................................................... 7 

1.1.7 Air Frame (7) ........................................................................................................................... 8 

1.2 Modeling Overview ............................................................................................................................ 8 

1.3 Building a Model .............................................................................................................................. 11 

Chapter 2 - Building the Plant Model ......................................................................................................... 13 

2.1 Quadcopter Plant Model ................................................................................................................... 14 

2.1.1 Plant Model States ..................................................................................................................... 14 

2.1.2 Plant Model Reference Frame ................................................................................................... 16 

2.1.3 Plant Model Parameters ............................................................................................................. 18 

2.1.4 Plant Model Equations ............................................................................................................... 21 



ii  

 

2.1.5 Quaternions ................................................................................................................................ 30 

2.2 Basic Simulink Plant Model ............................................................................................................. 33 

2.3 Real World Limits ............................................................................................................................. 39 

2.4 Motor Dynamics ............................................................................................................................... 42 

2.4.1 Motor Dynamics Equations ....................................................................................................... 43 

2.4.2 Motor Simulink Model .............................................................................................................. 44 

2.4.3 Brushless DC Motor Control ..................................................................................................... 48 

2.5 Battery Modeling .............................................................................................................................. 50 

2.5.1 Battery Model Equations ........................................................................................................... 51 

2.5.2 Battery Simulink Model ............................................................................................................. 52 

Chapter 3 - Quadcopter Sensors.................................................................................................................. 58 

3.1 Gyroscope/Accelerometer Equations ................................................................................................ 59 

3.2 Sensor Simulink Model ..................................................................................................................... 60 

3.3 Complimentary filter ......................................................................................................................... 63 

Chapter 4 - Building the Controller ............................................................................................................ 68 

4.1 Controller .......................................................................................................................................... 68 

4.2 PID Controller ................................................................................................................................... 69 

4.3 Optimal PID Control ......................................................................................................................... 79 

4.4 Controller, Plant Vectorization ......................................................................................................... 83 

4.4.1 Plant Model Matrix Equations ................................................................................................... 83 

4.4.2 Plant Model Simulink in Matrix Form ....................................................................................... 84 



iii  

 

4.5 Real World Controller ....................................................................................................................... 87 

4.5.1 Real World Controller Simulink Model .................................................................................... 88 

Chapter 5 Digital Domain ........................................................................................................................... 89 

5.1 Converters ......................................................................................................................................... 89 

5.2 Discrete PID ...................................................................................................................................... 91 

5.3 Discrete Controller Simulink Implementation .................................................................................. 92 

Chapter 6 Conclusion .................................................................................................................................. 94 

Chapter 7 Future Work ............................................................................................................................... 95 

APPENDIX ................................................................................................................................................. 97 

A.1 Moment of Inertia Estimation .......................................................................................................... 97 

A.1.1 Motor Moment of Inertia .......................................................................................................... 99 

A.1.2 ESC Moment of Inertia ........................................................................................................... 101 

A.1.3 Arms Moment of Inertia ......................................................................................................... 104 

A.1.4 Central Component Moment of Inertia ................................................................................... 106 

A.2 Moment of Inertia Summary .......................................................................................................... 108 

A.3 Propeller Analysis .......................................................................................................................... 109 

Plant Equations ..................................................................................................................................... 113 

Bibliography ............................................................................................................................................. 115 

 

  



iv 

 

Table of Figures 

Figure 1.1-Basic driving car control scheme example .................................................................................. 2 

Figure 1.2-Quadcopter components [1] ........................................................................................................ 3 

Figure 1.3-Brushed and brushless motor [2] ................................................................................................. 4 

Figure 1.4-iPeaka ESC .................................................................................................................................. 5 

Figure 1.5-EMAX Skyline32 flight controller .............................................................................................. 6 

Figure 1.6-Spektrum receiver and transmitter .............................................................................................. 7 

Figure 1.7-Basic quadcopter airframe ........................................................................................................... 8 

Figure 1.8-General controller, plant, sensor scheme architecture [6] ........................................................... 9 

Figure 1.9-Reference frame depiction ........................................................................................................ 11 

Figure 1.10-Basic plant model .................................................................................................................... 12 

Figure 1.11-Basic plant model input and output ......................................................................................... 12 

Figure 1.12-Basic plant model equations .................................................................................................... 12 

Figure 2.1-Plant model realization .............................................................................................................. 13 

Figure 2.2-Model states .............................................................................................................................. 14 

Figure 2.3-Euler angles explanation [10] .................................................................................................... 16 

Figure 2.4-Phi angle limits .......................................................................................................................... 16 

Figure 2.5-Local NED frame depiction ...................................................................................................... 17 

Figure 2.6-Quadcopter '+' orientation configuration ................................................................................... 17 

Figure 2.7-Quadcopter 'x' orientation configuration ................................................................................... 17 

Figure 2.8-Thrust coefficient vs. thrust ....................................................................................................... 19 

Figure 2.9-Torque coefficient vs. thrust ...................................................................................................... 19 

Figure 2.10-Measured and predicted thrust curves ..................................................................................... 20 

Figure 2.11-'+' orientation input commands ............................................................................................... 22 

Figure 2.12-'x' orientation input commands ................................................................................................ 23 



v 

 

Figure 2.13-Transmitter inputs ................................................................................................................... 24 

Figure 2.14-Rolling acceleration equation explained ................................................................................. 25 

Figure 2.15-X axis acceleration equation explained ................................................................................... 26 

Figure 2.16-Local NED frame vs. body reference frame ............................................................................ 27 

Figure 2.17-Quaternion realization ............................................................................................................. 30 

Figure 2.18-Quadcopter plant subsystem block .......................................................................................... 33 

Figure 2.19-Quadcopter plant subsystem block inputs and outputs ........................................................... 33 

Figure 2.20-Angular velocity equations...................................................................................................... 34 

Figure 2.21-Angular velocity and thrust equations ..................................................................................... 34 

Figure 2.22-'+' orientation input commands ............................................................................................... 35 

Figure 2.23-Quadcopter plant angular acceleration equations .................................................................... 36 

Figure 2.24-Angular accelerations to angular velocities and positions ...................................................... 37 

Figure 2.25-Quadcopter plant angular acceleration equation blocks .......................................................... 38 

Figure 2.26-Quadcopter plant integrals ...................................................................................................... 38 

Figure 2.27-Quadcopter plant feedback ...................................................................................................... 39 

Figure 2.28-Applying integral limits .......................................................................................................... 40 

Figure 2.29-Applying angular velocity limits ............................................................................................. 40 

Figure 2.30-Limit ing euler angular positions ............................................................................................. 41 

Figure 2.31-Thrust plant simulation............................................................................................................ 42 

Figure 2.32-Roll plant simulation ............................................................................................................... 42 

Figure 2.33-Pitch plant simulation .............................................................................................................. 42 

Figure 2.34-Yaw plant simulation .............................................................................................................. 42 

Figure 2.35-Basic DC motor model ............................................................................................................ 43 

Figure 2.36-Motor torque coefficient plot .................................................................................................. 44 

Figure 2.37-Motor damping coefficient plot ............................................................................................... 44 

Figure 2.38-Simulink basic DC motor model ............................................................................................. 45 



vi 

 

Figure 2.39-Motor dynamics plant model step response ............................................................................ 45 

Figure 2.40-System identification toolbox .................................................................................................. 46 

Figure 2.41-Actual vs transfer function step responses .............................................................................. 47 

Figure 2.42-Motor plant model frequency response ................................................................................... 47 

Figure 2.43-Motor plant model pole-zero map ........................................................................................... 47 

Figure 2.44-Motor model input & output at 1 rad/s .................................................................................... 48 

Figure 2.45-Motor model input & output at 100 rad/s ................................................................................ 48 

Figure 2.46-Closed loop motor control ....................................................................................................... 49 

Figure 2.47-Closed loop motor model bode plots ....................................................................................... 49 

Figure 2.48-Controlled motor model step response .................................................................................... 49 

Figure 2.49-Plant model with motor dynamics ........................................................................................... 50 

Figure 2.50-LiPo battery [12] ..................................................................................................................... 51 

Figure 2.51-Simulink battery plant model .................................................................................................. 53 

Figure 2.52-Motor model current output .................................................................................................... 54 

Figure 2.53-Motor's current summation...................................................................................................... 54 

Figure 2.54-Total current calculation .......................................................................................................... 54 

Figure 2.55-Available current limited ......................................................................................................... 55 

Figure 2.56-Current limiting motor dynamics ............................................................................................ 55 

Figure 2.57-SimScape battery model .......................................................................................................... 56 

Figure 2.58-Battery experimental & simulated results ............................................................................... 57 

Figure 2.59-Voltage and current limited motor dynamics .......................................................................... 57 

Figure 2.60-Battery and model dynamics ................................................................................................... 58 

Figure 3.1-Quadcopter sensors ................................................................................................................... 59 

Figure 3.2-Accelerometer and gyroscope in model .................................................................................... 60 

Figure 3.3-Bias subtraction ......................................................................................................................... 61 

Figure 3.4-Addition of noise to IMU .......................................................................................................... 61 



vii  

 

Figure 3.5-Gyroscope bias removal ............................................................................................................ 62 

Figure 3.6-Accelerometer bias removal ...................................................................................................... 62 

Figure 3.7-Second order pole FRF .............................................................................................................. 62 

Figure 3.8-Gyrosocope output compared to plant output ........................................................................... 63 

Figure 3.9-Accelerometer output compared to plant output ....................................................................... 63 

Figure 3.10-Complimentary filter illustration ............................................................................................. 64 

Figure 3.11-Simulink MATLAB function block code snip converting acceleration to euler angle ........... 65 

Figure 3.12-Complimentary filter Simulink implementation ..................................................................... 65 

Figure 3.13-Complimentary filter simulation with 0.5 rad/s cutoff frequency ........................................... 66 

Figure 3.14-Raw accelerometer data .......................................................................................................... 66 

Figure 3.15-Raw gyroscope data ................................................................................................................ 66 

Figure 3.16-Roll angle complimentary filter output with 0.5 rad/s cutoff .................................................. 67 

Figure 4.1-High level control architecture .................................................................................................. 68 

Figure 4.2-PID controller [14] .................................................................................................................... 69 

Figure 4.3-Feedback control system ........................................................................................................... 70 

Figure 4.4- Controller- plant feedback ........................................................................................................ 71 

Figure 4.5-Simple PID controller ............................................................................................................... 71 

Figure 4.6-Phi, theta, psi, Z PID controllers ............................................................................................... 72 

Figure 4.7-Altitude control iteration 1 ........................................................................................................ 73 

Figure 4.8-Altitude control iteration 2 ........................................................................................................ 73 

Figure 4.9-Altitude control iteration 3 ........................................................................................................ 74 

Figure 4.10-Altitude control iteration 4 ...................................................................................................... 74 

Figure 4.11-Phi control response ................................................................................................................ 75 

Figure 4.12-Theta control response ............................................................................................................ 75 

Figure 4.13-Yaw control response .............................................................................................................. 75 

Figure 4.14-Model inputs and outputs ........................................................................................................ 76 



viii  

 

Figure 4.15-3D plot of quadcopter trajectory ............................................................................................. 77 

Figure 4.16-Top down view of quadcopter trajectory ................................................................................ 77 

Figure 4.17-Sensor position reading ........................................................................................................... 78 

Figure 4.18-Quadcopter altitude and roll .................................................................................................... 78 

Figure 4.19-Quadcopter trajectory .............................................................................................................. 78 

Figure 4.20-Simulink model used for optimal controller............................................................................ 80 

Figure 4.21-Optimal PID function .............................................................................................................. 80 

Figure 4.22-Optimal PID function code snip .............................................................................................. 81 

Figure 4.23-Altitude optimal PI-D response and thrust input Q=1, R=1 .................................................... 81 

Figure 4.24-Altitude optimal PI-D response and thrust input Q=2, R=1 .................................................... 82 

Figure 4.25-Altitude optimal PI-D response and thrust input Q=1, R=10 .................................................. 82 

Figure 4.26-Torque and thrust matrix formation ........................................................................................ 85 

Figure 4.27-Angular acceleration matrix formation ................................................................................... 85 

Figure 4.28-Angular acceleration matrix MATLAB function block .......................................................... 86 

Figure 4.29-Vectorized Simulink plant model ............................................................................................ 86 

Figure 4.30-Quadcopter simulation, circular trajectory .............................................................................. 87 

Figure 4.31-Real-world controller .............................................................................................................. 89 

Figure 5.1-Analog-to-digital converter concept [15] .................................................................................. 90 

Figure 5.2-Digital-to-analog converter [15] ................................................................................................ 90 

Figure 5.3-ADC and DAC architecture [16] ............................................................................................... 91 

Figure 5.4-Zero order hold implementation ................................................................................................ 92 

Figure 5.5-Discrete yaw PID controller ...................................................................................................... 93 

Figure A.1-Parellel axis theorem example .................................................................................................. 97 

Figure A.2-Motor moment of inertia in the X axis ................................................................................... 100 

Figure A.3-Thin Rectangle ESC Dimension [19] ..................................................................................... 102 

Figure A.4-Solid cuboid ESC dimensions [19] ........................................................................................ 103 



ix 

 

Figure A.5-Low and high pitch propeller comparison [20] ...................................................................... 109 

Figure A.6-Power vs. thrust curve generated using the momentum theory with a 5 inch propeller ......... 111 

Figure A.7-Thrust vs pitch vs. diameter over a 20k RPM range for a 5-inch propeller ........................... 112 

Figure A.8-Thrust vs. Pitch vs. diameter over a 20k RPM range for a 5-inch Propeller .......................... 112 

  



x 

 

List of Tables 

Table 1.1-Component to model classification .............................................................................................. 9 

Table 2.1-Quadcopter states ........................................................................................................................ 15 

Table 2.2-Quadcopter parameters ............................................................................................................... 18 

Table 2.3-Enviornmental parameters .......................................................................................................... 20 

Table 2.4- Input Equations in ó+ô orientation ............................................................................................. 21 

Table 2.5-Input equations in the 'x' orientation ........................................................................................... 22 

Table 2.6-Motion of equation dependencies ............................................................................................... 28 

Table 2.7-State and equation summary ....................................................................................................... 29 

Table 2.8-Motor model parameters ............................................................................................................. 43 

Table 2.9-Motor parameters ........................................................................................................................ 45 

Table 4.1-Open and closed loop transfer function ...................................................................................... 70 

Table 4.2-PID turning process .................................................................................................................... 73 

Table 4.3-Manually tuned PID controllers ................................................................................................. 75 

Table 4.4-Optimal PID control example ..................................................................................................... 81 

Table A.1-Components moment of inertia ............................................................................................... 108 

  



xi 

 

Nomenclature 

UAV: Unmanned Aerial Vehicle 

UAS: Unmanned Aerial System 

ESC:  Electronic Speed Controller 

PWM: Pulse Width Modulation 

RPM: Rotations Per Minute 

Hz: Hertz 

MHz: Megahertz 

GHz: Gigahertz 

PID: Proportional, Integral, Derivative  

LQR: Linear Quadratic Regulator 

DC: Direct Current 

FRF: Frequency Response Function 

ID: Identification 

IMU:  Inertial Measurement Unit 

SOC: State of Charge 

ADC: Analog to Digital Converter 

DAC: Digital to Analog Converter 

ZOH: Zero Order Hold 

LiPo: Lithium Polymer 

NED: North-East-Down 

LLF: Local-Level Frame 

GPS: Global Positioning System 

BLDC: Brushless DC  



1 

 

Chapter 1 - Introduction  

Quadcopters are an emerging technology gaining in popularity. Most users purchase quadcopters fully 

assembled with everything thatôs needed to fly. One of the more interesting aspects of quadcopters that may 

make flying them even more amazing is understanding how they work. Believe it or not, users have the 

ability to install their own control system in order to have the quadcopter fly exactly how they want, 

depending on the hardware of course. Many users are limited by the controller that comes preinstalled on 

quadcopters. A custom control system can provide more aggressive flight, or more relaxed flight.  As well 

as having control over desired flight, a custom control system, depending on the complexity of the system, 

can allow the quadcopter to have automatic functions. These functions could include flips, or inverted flight. 

However, to do this, a plant model of the quadcopter, which is a system of equations that represent the 

dynamics of the quadcopter, is needed to simulate flight to prove the control system works prior to installing 

on the quadcopter. Creating a plant model and simulating it provides a prediction of what the real-world 

quadcopter will do. Quadcopter plant models can increase in accuracy depending on how involved the 

modeling process is.  For example, a simple plant model could be comprised of basic equations of motion, 

but wouldnôt be awfully accurate. A complex plant model could encompass the equations of motion along 

with air resistance, wind forces, motor dynamics, battery dynamics, etc. The addition of these within the 

plant model will increase the accuracy, however, some are difficult to model.   

This idea of controlling and creating a plant model of a quadcopter is rather complex but can be broken 

down significantly so it can be easily understood. Control systems and plant models can be seen almost 

everywhere without knowing it. The 3 basic pieces required to create a model are the control system, a plant 

model, and sensors.  An everyday example of this idea can be seen from driving a car, as seen in Figure 1.1 

below.   
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Figure 1.1-Basic driving car control scheme example 

The car can be thought of as the plant model. The car has many parts that contribute to it to make it a plant 

model, such as the tires, engine, transmission etc. The input to the plant model is rotation of the steering 

wheel, and the output is the trajectory of the car. The desired response of the system is to stay within the 

lines. The sensors of the system are the eyes of the person driving, which view the road. The control system 

is the brain of the person driving, who uses the sensors to see the output of the plant. The person driving, 

or the control system reacts to changes in the cars trajectory along with the desired trajectory by rotating 

the steering wheel, which is also the input to the plant. This example is rather relatable to quadcopter. The 

plant model is the actual quadcopter which is comprised of motors, propellers etc. The control system is 

the flight controller. The sensors are accelerometers and gyroscopes, and the desired response are roll, pitch, 

yaw angles and throttle.  

Since the control system and plant model of a quadcopter can be complex, the paper will  demonstrate how 

to model the basic physical quadcopter, then increase the plant modelôs complexity and then demonstrate 

how the model can be implemented in MATLAB /Simulink. It also demonstrates how to build and tune 

controllers that are able to control a quadcopterôs roll, pitch, yaw, altitude and motor dynamics. The benefits 

of using MATLAB/Simulink to create and implement these models come from the computing power of the 

software tool, along with the ease of implementation of Simulink models to hardware.  
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1.1 Components 

Quadcopters are, in laymanôs terms, multirotor helicopters. Quadcopters are sometimes referred to as 

drones, or unmanned aerial vehicles. They are aerial vehicles that possess six degrees of freedom (X, Y, Z 

roll, pitch, yaw) through producing thrust in each of the rotors. The way in which quadcopters control the 

degrees of freedom is a large component that distinguish them from helicopters. Helicopters use complex 

variable pitched blades and rotor axis forces to control their path, where quadcopters simply apply thrust to 

specific motors. Quadcopters, are units that range in size and that can be controlled through a transmitter 

or can be programmed to follow a flight trajectory/path.  

There are multiple components to any quadcopter that are important to understand. These components 

include: propellers, motors, battery, electronic speed controllers (ESC), flight controller, 

transmitter/receiver, and air frame.   

 

Figure 1.2-Quadcopter components [1] 
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1.1.1 Propellers (1) 

The propellers of a quadcopter are integral components that play a large role in the quadcopter dynamics 

and plant model. While spinning, the propellers produce downward thrust to overcome the force of gravity 

allowing the quadcopter to fly. Quadcopters can use multiple types of propellers, these include push or pull 

propellers, along with propellers that have more than 2 blades. There are multiple variables associated with 

the propellers which include: propeller pitch, diameter, chord, and material. Using the pitch and diameter, 

important parameters of the propellers can be found such as power and thrust. A method of finding an 

approximate amount of thrust from a propeller can be found in Section A.2 of the appendix.  

1.1.2 Motor (2) 

There are two main types of motors used in quadcopters, brushed and brushless. The motors are an 

important part of the quadcopters plant model as they are the component that spin the propellers which 

produce thrust. The architecture of the two types of motors can be seen in Figure 1.3. Both types of motors 

have the same general components, a permanent magnet and an electromagnet. In brushed motors, the 

electromagnet is surrounded by curved permanent magnets and in brushless motors, electromagnets 

surround a permanent magnet. In both cases the physics driving the rotation in these motors comes from 

opposite poles and magnets attracting, and like poles and magnets repelling which induces rotation. The 

use of either of these motor types comes with pros and cons. Brushed DC motors do not require an electronic 

speed controller, but breakdown faster. The brushless DC motors require the electronic speed controller but 

donôt break down as fast.  

 

Figure 1.3-Brushed and brushless motor [2]  
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1.1.3 Battery (3) 

Batteries are what give life to any quadcopter, as they power the flight controller, ESC, receiver, and motors. 

The battery can be modeled in the plant model to increase the quadcopter plant modelôs accuracy. There 

are a few typical types of batteries, nowadays: Alkaline, Lithium-ion and Lithium polymer. The battery is 

usually the majority of the weight of a quadcopter.  

1.1.4 Electronic Speed Controller (ESC) (4) 

 

Figure 1.4-iPeaka ESC 

When using a brushless motor, an ESC is required to control the motor. An ESC is an electronic circuit 

board that provides control and three phase AC power to the motor. These boards usually contain an 8-bit 

microcontroller that runs embedded software for the control. Many quadcopters use 4 ESCôs (one for each 

motor) which are 1 channel ESCôs. However, ESCs can come in 4 channel packages, which means one 

ESC can control power to each of the 4 motors.  

The ESC reads input signals from the motor and flight controller. They use the back-EMF force from the 

motor to determine rotor position. The ESC outputs the voltage that will control the polarity of the 

electromagnetic coils in the motor. By controlling the timing of the voltage that is applied to the motor, 

speed is controlled [3]. Ultimately, the ESC converts input PWM signals from the flight controller and 

drives the brushless DC motors with the correct power. The ESC can, in ways, can be encompassed in the 

quadcopter plant model because it controls the motorôs speed. Since it controls the motors speed it can also 

be considered a controller, and because it senses the motorôs back EMF it can be considered a sensor as 

well.  
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1.1.5 Flight Controller (5)  

 

Figure 1.5-EMAX Skyline32 flight controller 

The flight controller is essentially the brain of the quadcopter. They are configurable and programmable 

allowing for adjustments based on varying quadcopter configurations.  The hardware of a flight controller 

consists of a complex circuit board with built in sensors such as accelerometers and gyroscopes that can 

detect accelerations and orientation changes. With these sensors, the flight controller can stabilize the 

quadcopter by controlling the RPM of the motors. The flight controller also receives signals from the user 

indicating the desired trajectory/function. The flight controller takes these commands, uses sensor data, and 

adjusts the quadcopters motors speed such that the quadcopter achieves the userôs desired trajectory and 

stability [4]. The flight controller encompasses all 3 portions that create a system, controller, plant and 

sensors. Since the flight controller is on the quadcopter it contributes to the quadcopters plant modelôs 

parameters. It controls the quadcopters throttle, roll, pitch, and yaw, and it senses the quadcopters 

acceleration and angles.  
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1.1.6 Transmitter/Receiver (6) 

 

Figure 1.6-Spektrum receiver and transmitter 

The transmitter and receiver are what allow the user to communicate with the quadcopter. The transmitter 

is a device that allows the user to control the quadcopter wirelessly. The receiver, which contributes to the 

plant modelôs parameters, receives the commands from the transmitter and relays the commands to the 

flight controller. The frequency associated with the transmitter & receiver is generally in the MHz or GHz 

band. A popular quadcopter frequency is 2.4GHz, but can be lower if longer range communication is 

required [5].  

There are multiple channels associated with the transmitter & receiver. Each channel sends different 

commands from the transmitter to the receiver. For example, one channel can control the quadcopter 

throttle, another can control roll, another can control pitch, etc. The minimum number of channels required 

to control a quadcopter is 4 (throttle, roll, pitch, yaw).  
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1.1.7 Air Frame (7) 

 

Figure 1.7-Basic quadcopter airframe 

The air frame of a quadcopter generally has an ñxò or ñ+ò shape. One arm for each motor and the central 

area for flight controller, receiver, and battery mounting. It is important to have a light weight, sturdy air 

frame to have desirable flight characteristics and be resilient to crashes. One of the more popular materials 

for quadcopter air frames is carbon fiber, which is light weight and durable. Carbon fiber, however, blocks 

radio signals which is the downfall of using that material for an air frame. The airframe is an integral portion 

of the quadcopters plant model as the plant model relies heavily on physical characteristics of the 

quadcopter.  

1.2 Modeling Overview 

The medium in which the quadcopter plant model and controller will be developed is MATLAB /Simulink. 

MATLAB  is a numerical computing software which interfaces with Simulink. Simulink is a software tool 

that allows a user to build systems using block models. When modeling a quadcopter, a MATLAB  script is 

used to store constant variables and simulation data that can then be plotted. Simulink will  be used to build 

the physical plant model and controller using multiple block models such as integral, product, summing, 

and step blocks. MATLAB/Simulink has the ability to convert Simulink and Stateflow models to C and 

C++ code. This is convenient because many flight controllers use C or C++ code for their control systems.  
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Figure 1.8-General controller, plant, sensor scheme architecture [6] 

A plant model is either an experimentally generated transfer function of a physical system or a set of 

equations that describe a physical system. In order to simulate, and create a control a system a plant model 

is generally needed. With the plant model, control systems can quickly be tuned and tested. The plant model 

of a quadcopter takes propeller angular velocity for each rotor as system inputs and the system outputs are 

the states that represent what the quadcopter physically does. For the model in this paper, a set of physics 

equations are used to generate the quadcopter plant model. The components of the quadcopter that 

contribute to the plant model can be seen in Table 1.1 below. It is worthy to note that although the physics 

do not change, there are multiple ways of mathematically modeling a quadcopter. 

Table 1.1-Component to model classification 

Component Plant Model Controller  Sensor 

Propeller X   

Motors X   

Battery X   

ESC X X X 

Flight Controller X X X 

Transmitter    

Receiver X   

Air Frame X   

 

A controller is a system that takes a measured error signal, applies gains, and outputs a system input to the 

plant model such that the plant model will output the desired response. There are many different types of 

control methods, but for control in this paper, Proportional, Integral and Derivative (PID) controllers are 

used. These are very popular controllers and are relatively simple compared to other control methods. In 

essence, the goal of these controllers is to drive an input error signal (desired setpoint subtracted from the 

current state) to zero. In the PID controller case this is done by multiplying the error signal by a general 

Plant 
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gain (Proportional portion), generating a gain through summing the error signal (Integral portion), and 

creating a gain by tracking the slope of the error signal (Derivative portion). Ultimately driving the error to 

zero and the output to the desired input. The PID controller will be covered in depth in Section 4.2. 

The general control scheme has the controller feeding to the plant model and feedback from the plant to 

generate a measured error signal. The feedback in simulation is usually from the plant model, however, in 

the actual physical system, feedback, or measured output is generated from sensors on the quadcopter. The 

main signals the quadcopter needs to control are from accelerometers and gyroscope sensors. 

Accelerometers measure the acceleration in each direction, and gyroscopes measure the angular velocity, 

or how fast an object is rotating. The general controls scheme can be seen in Figure 1.8 above.  
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1.3 Building a Model 

As seen in Figure 1.8 the plant model receives inputs and produces an output. The plant model is made 

from equations or experimental data which use the inputs, states and parameters to create the outputs. 

Within the plant are states which represent dynamics of the plant model. Associated with the states are the 

stateôs reference frame. This is the states starting point, for example on an X, Y plane, the 0,0 coordinate is 

the reference point. Itôs important to discern the positive and negative directions of the reference frame also. 

Depending on the location, and positive directions of a reference frame, the same point location can be 

represented different ways. An example of this can be seen in Figure 1.9 below. 

 

Figure 1.9-Reference frame depiction 

Parameters are constants that are used in the plant model equations. To build a basic plant model a system 

needs to be defined. Inputs and outputs then need to be defined along with the plant modelôs states, 

parameters and equations. An example of this can be seen below.  
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System: A block at rest on a frictionless table in a vacuum, then a force is applied 

Input : Force applied to the block, 1N applied for 1 second in the positive X direction 

Output : Velocity  

States: Acceleration , Velocity  

Reference: (0,0) on a X, Y plane  

Parameter: MassὯὫ 

Equations: ὊέὶὧὩὔ ὓὥίίὯὫz ὃὧὧὩὰὩὶὥὸὭέὲ , ὠὩὰέὧὭὸώ ὃ᷿ὧὧὩὰὩὶὥὸὭέὲ 

In this example a force is applied to a block with no other forces acting on it. The goal of the plant model 

is to represent the output, which in this case is velocity. This plant model can be created in Simulink where 

the inputs and outputs can be plotted. This example can be seen in Figures 1.10-1.12 below. 

 
Figure 1.10-Basic plant model 

 
Figure 1.11-Basic plant model input and output 

 

 
Figure 1.12-Basic plant model equations 

 

  

Reference Frame 

ὃ
Ὂ

ά
 ὠ ὃ 
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Chapter 2 - Building the Plant Model 

To realize the quadcopter plant model the block model seen in Figure 2.1 below can be used. The plant 

model is a system of equations that generate outputs based upon inputs, parameters, and system states. 

Within the broad plant model of the quadcopter there are separate plant models such as the body dynamics, 

motor, and battery models. There is somewhat of a flow of variables within the plant model. The system 

starts with the inputs, which in this case are motor angular velocity commands. With these commands, 

states within the plant model change such as altitude, plant model angular velocity, and axial velocity. 

Parameters are constants that effect the states, such as the friction coefficient of the motors. The outputs of 

the plant are based on the previous states, parameters, and inputs. Lastly, it is important to note that the 

states dependent on the frame of reference, or where the zero point is.  

 

Figure 2.1-Plant model realization 

The ideal plant model would simply be the physical model, assuming instant thrust, no disturbances, and 

unlimited state values. A real-world model would include motor and battery dynamics along with state 

limitations.  
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2.1 Quadcopter Plant Model 

2.1.1 Plant Model States 

Quadcopters inherently have 6 degrees of freedom. This means the device can travel in the X, Y and Z 

directions, as well as rotate in roll, pitch and yaw directions. These terms are generally related to most 

aircraft, subs, and robotics as not many other platforms are able to control all 6 degrees. The roll and pitch 

are what allow the quadcopter to move in the X and Y directions. Roll can be defined as the rotation around 

the X axis, pitch can be defined as the rotation around the Y axis and yaw can be defined as the rotation 

around the Z axis. With this, the axis of rotation for the quadcopter and state variables can be defined. State 

variables are physical dynamics of the quadcopter that include angles and positions. Many of the states are 

dependent on other states and user input. The reference frame of the quadcopter will be local NED, which 

is why the Z axis is pointed down. This will be explained in later sections. 

 

Figure 2.2-Model states 

 

A fully observable state is one that can directly be measured using sensors. For example, imagine a police 

officer measuring a carôs speed with a radar. The velocity of the car would be the fully observable state and 

the radar would be the sensor. Quadcopters have many sensors that include accelerometers, gyroscopes, 

optical, etc. The quadcopters states and observability can be seen in Table 2.1 below. 
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Table 2.1-Quadcopter states 

Symbol Description Unit Observability 

— Pitch Euler Angle ὶὥὨ Stereo Vision 

— Pitch Euler Angular Velocity ὶὥὨȾί  Gyroscope 

— Pitch Euler Angular Accel. ὶὥὨ /ί - 

‰ Roll Euler Angle ὶὥὨ Stereo Vision 

‰ Roll Euler Angular Velocity ὶὥὨȾί Gyroscope 

‰ Roll Euler Angular Accel. ὶὥὨ /ί - 

‪ Yaw Euler Angle ὶὥὨ Stereo Vision 

‪ Yaw Euler Angular Velocity ὶὥὨȾί  Gyroscope 

‪ Yaw Euler Angular Accel. ὶὥὨ /ί - 

ὢ Position in X ά Stereo Vision 

ὢ Velocity in X άȾί - 

ὢ Accel. in X ά Ⱦί Accelerometer 

ὣ Position in Y ά Stereo Vision 

ὣ Velocity in Y άȾί - 

ὣ Accel. in Y ά Ⱦί Accelerometer 

ὤ Position in Z ά Stereo Vision 

ὤ Velocity in Z άȾί - 

ὤ Accel. in Z ά Ⱦί Accelerometer 

ɱ  Motor 1 Angular Velocity ὶὥὨȾί Voltage/Current/Optical 

ɱ  Motor 2 Angular Velocity ὶὥὨȾί Voltage/Current/Optical 

ɱ  Motor 3 Angular Velocity ὶὥὨȾί Voltage/Current/Optical 

ɱ  Motor 4 Angular Velocity ὶὥὨȾί Voltage/Current/Optical 

—-Theta (/they-tuh/), ‰-Phi (/fi/), ‪-Psi (/sai/), ɱ-Omega (/oh-mega/) 
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2.1.2 Plant Model Reference Frame 

The frame of reference and euler angles now need to be defined. Euler angles are 3 angles that are used to 

describe the orientation of a rigid body with respect to a fixed body coordinate system [10]. Figure 2.3 

below can help depict the euler angles. 

 

Figure 2.3-Euler angles explanation [10] 

The body frame of reference for the quadcopter is similar to Figure 2.3 above. All of the angles will begin 

at zero and have a range from -pi to +pi. This concept can be seen in Figure 2.4 below.  

 

Figure 2.4-Phi angle limits 

The position reference for the quadcopter will be the local NED reference frame. This means the axial 

accelerations, velocities, and position are relative to a fixed point. The local NED frame is used to represent 

a vehicles attitude and velocity when on or near the surface of the earth. In this frame, the X axis is pointed 

north, Y axis is pointed east, and the Z axis is pointed downwards normal to the X and Y plane. This frame 

can be seen in Figure 2.5 below. Although the axial acceleration, velocity and position are relative to the 
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local NED frame, the euler angles are relative to the body frame of the quadcopter. In the local NED 

coordinate system, with positive roll angles the quadcopter travels east, with positive pitching angles the 

quadcopter travels south (both assuming a zero yaw angle), and with positive yaw angles the quadcopter 

rotates clockwise.  

 

Figure 2.5-Local NED frame depiction 

 

 

 

Figure 2.6-Quadcopter '+' orientation configuration 

 

Figure 2.7-Quadcopter 'x' orientation configuration 
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The body frame axis of rotation can be defined in either of two forms, one is the óxô formation and the other 

is the ó+ô formation. The difference between the two comes from which way the X and Y direction is, as 

well as what motors are used to change direction. The axial orientation, states, and units can be seen in 

Figures 2.6 and 2.7 above. 

2.1.3 Plant Model Parameters  

Before generating the plant model equations of motion, parameters need to be defined. It is important to 

know the difference between states and parameters. States are dynamics of the quadcopter, where 

parameters are constants associated with the quadcopter. The first parameters to be defined are the moments 

of inertia in each axis. The moment of inertia is the amount of torque needed for a desired angular 

acceleration around a rotation axis. These relies heavily on the physical design and components of the 

quadcopter.  These are generated through various methods which mostly include estimates from 

lengths/diameters and masses of the quadcopter. A detailed explanation of finding moments of inertia can 

be found in Section A.1 of the appendix.  The rotor inertia, which is the total rotational moment of inertia 

around the propeller axis is another parameter used in the equations of motion. The rotor inertia equation 

can also be found in Section A.1 of the appendix. The distance from the rotor axis to the center of the 

quadcopter also can be defined, along with the thrust and drag coefficients. These can be seen in Table 2.2 

below.  

Table 2.2-Quadcopter parameters 

Symbol Description Unit 

ὍȟὍ ȟὍ  Inertia moments ὑὫ ά  

ὐ Rotor inertia ὑὫ ά  

ὰ Rotor axis to copter center distance ά 

ὦ Thrust coefficient ὔȾί 

Ὠ Drag coefficient ὔάȾί 
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To experimentally find the thrust and drag coefficients used in the input equations, thrust, torque, and RPM 

data needs to be acquired. To do this, a thrust stand and dynamometer is needed, which measures thrust, 

torque, voltage, current, etc. Once test data is acquired using the test equipment and a data logging system, 

thrust, torque, and RPM data needs to be examined. With this, Equations (2.1) and (2.2) below can be used 

to find the thrust and torque coefficients. The thrust and torque coefficients data vs. thrust of the 

dynamometer test can be plotted. An example of this can be seen below in Figure 2.8 and 2.9. Here, since 

its known that for the most part quadcopters are hovering, the coefficients should be found around the 

hovering thrust. This can be found by knowing the weight of the quadcopter, dividing the weight by how 

many motors are used, then map that amount to a thrust in the plot. Assuming the mass is 0.284 kg, the 

thrust to hover for each motor is 0.071 kg. Using the plot the thrust coefficient is roughly 1.144E-8, and the 

torque coefficient is roughly 9.94e-10. 

ὝὬὶόίὸὦɱ  (2.1) 

ὝέὶήόὩὨɱ  (2.2) 

ɱ ςʌ20-Ⱦφπ (2.3) 

 

Figure 2.8-Thrust coefficient vs. thrust 

 

Figure 2.9-Torque coefficient vs. thrust 

It is also useful to know what the thrust curve will resemble at higher RPMôs than are tested, or how accurate 

Equation (2.1) is. Using Equation (2.1) and (2.3) above, as well as the experimentally generated thrust 
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coefficient, the thrust data and thrust curve can be plotted together. Figure 2.10 shows how accurately 

Equation (2.1) represents the thrust.  

 

Figure 2.10-Measured and predicted thrust curves 

The next set of parameters have to do with the quadcopter and environment. In the real world, quadcopters 

experience aerodynamical effects, namely from air resistance and wind. Air resistance can be thought of as 

a drag on the quadcopter, opposing the motion of the quadcopter. This is what makes quadcopters slow 

down when no actuator force is acting on them. To envision air resistance, one can simply drop a piece of 

paper, and pencil from the same height. Air resistance is what makes the piece of paper take longer to hit 

the ground than the pencil. Since air resistance effects the quadcopter in all 3 axial directions, a coefficient 

is needed for each. Measuring the air resistance is extremely complex, so in most cases estimates suffice. 

The values used for the plant model were πȢρ ὯὫȾί for the resistance in each axis. The parameters can be 

seen in Table 2.3 below.  

Table 2.3-Enviornmental parameters 

Symbol Description Unit 

ὃȟὃȟὃ Air resistance in each axis ὯὫȾί 
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2.1.4 Plant Model Equations 

Before the quadcopter is modeled in MATLAB/Simulink the mathematical equations need to be generated. 

To do this a few assumptions are made [7]. 

¶ The drone is a rigid structure 

¶ The air frame and components are symmetric 

¶ The center of gravity and air frame origin coincide 

¶ Thrust and drag are proportional to the square of propeller speed 

¶ There are no external disturbances to the quadcopter such as wind, temperature, etc.  

Next, the physical effects on the quadcopter need to be considered. These include aerodynamic effects from 

the propellers, inertial counter-torques from changes in propeller speed, gravity, and gyroscopic effects 

from changes in body orientation. These all play a role in the equations of motion of the quadcopter.  

The internal plant model equations of the system can now be described. There are 4 main thrust equations, 

vertical thrust, roll thrust, pitch thrust, and yaw thrust. With the ó+ô coordinate system seen in Figure 2.6 

above, these can be defined by applying thrust to each of the motors. The equations are defined in Table 

2.4 below. 

Table 2.4- Input Equations in ó+ô orientation  

Input Thrust Equation Description  

Ὗρ  ὦɱ ɱ ɱ ɱ  General Thrust (2.4) 

Ὗς  ὦ ɱ ɱ  Roll Thrust  (2.5) 

Ὗσ  ὦɱ ɱ  Pitch Thrust (2.6) 

Ὗτ  Ὠɱ ɱ ɱ ɱ  Yaw Thrust (2.7) 

 

Ὗρ  applies a general thrust to each of the motors to increase the altitude. Ὗς  changes thrust between 

motor 2 and motor 4 to roll the quadcopter. Ὗσ  changes thrust between motor 3 and motor 1 to pitch the 
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quadcopter. Ὗτchanges the thrust to motors 2 and 4 and equally changes the thrust to motors 1 and 3 to 

yaw the quadcopter. Figure 2.11 below illustrates these inputs.   

 

Figure 2.11-'+' orientation input commands 

The quadcopter inputs can also be defined in the óxô orientation [9]. These input equations can be seen in 

Table 2.5 below.  

Table 2.5-Input equations in the 'x' orientation 

Input Thrust Equation Description  

Ὗρ ὦɱ ɱ ɱ ɱ  General Thrust (2.8) 

Ὗς 
ὦÓÉÎ

ὴὭ

τ
ɱ ɱ ɱ ɱ  

Roll Thrust (2.9) 

Ὗσ 
ὦÓÉÎ

ὴὭ

τ
ɱ ɱ ɱ ɱ  

Pitch Thrust (2.10) 

Ὗτ Ὠɱ ɱ ɱ ɱ  Yaw Thrust (2.11) 
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Ὗρ applies a general thrust between each of the motors to increase the altitude.  Ὗς changes thrust 

between all the motors to roll the quadcopter. Ὗσ changes thrust between all the motors to pitch the 

quadcopter. Ὗτ  changes thrust to motors 2 and 4 and motors 1 and 3 to yaw the quadcopter. Figure 2.12 

below illustrates these inputs.   

 

Figure 2.12-'x' orientation input commands 
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When using a transmitter, the joysticks represent ὟρȟὟςȟὟσ ὥὲὨ Ὗτ.  The left joystick is used for throttle 

and yaw. The right joystick is used for pitch and roll. These can be seen in Figure 2.13 below.  

 

Figure 2.13-Transmitter inputs 

The overall angular velocity of the all the propellers can also be defined. This will be used in angular 

acceleration equations. The positives and negatives in Equation (2.12) are used because of the direction the 

propeller is spinning. In most cases the opposite side motors are spinning in the same direction (motor 1 

and 3 in the same direction, and 2 and 4 in the same direction). 

ɱ ɱ ɱ ɱ ɱ  (2.12) 

Now equations of motion can now be defined. The origin of the equations of motion can be seen in 

Equations (2.13) - (2.15). 

ὊέὶὧὩὦɱ ὝὬὶόίὸ ὅέὩὪὪzὃὲὫόὰὥὶ ὠὩὰέὧὭὸώ (2.13) 

ὊέὶὧὩάὥ ὓὥίίzὃὧὧὩὰὩὶὥὸὭέὲ (2.14) 

ὝέὶήόὩὍ‌ ὓέάὩὲὸ έὪ ὍὲὩὶὸὭὥᶻὃὲὫόὰὥὶ ὃὧὧὩὰὩὶὥὸὭέὲ (2.15) 

 

 



25 

 

 Starting with the moments of a quadcopter, which include, rolling moments, pitching moments, and yawing 

moments, each of these moments consist of body gyro effects, propeller gyro effects, and actuator action.      

¶ Body gyroscopic effects - changes in the quadcopters orientation 

¶ Propeller gyroscopic effects - propeller rotation coupled with quadcopter frame orientation 

¶ Actuation action - forces produced by the rotors 

These moments respectively sum to form the angular acceleration equations which can be seen below. To 

describe these equations in a physical sense a use case can be made for Equation (2.17). Beginning with 

Figure 2.14 below depicting each part of the equation. 

 

Figure 2.14-Rolling acceleration equation explained 

Imagine the quadcopter is at a perfectly still hover. This means that the pitch and yaw angular velocities 

are zero, so the body gyro effects and the propeller gyro effects are zero. This leaves the roll actuator action 

Ὗς input, which would be zero also if the quadcopter is still, thus the roll angular acceleration is zero. 

Now imagine the user applies an input signal to Ὗς. Since this input only applies thrust in the rolling axis 

the pitch and yaw angular velocities will be zero, thus the body gyro and propeller gyro effects again are 

zero. The actuator action is not zero due to the user input, thus the quadcopter will have a rolling angular 

acceleration equal to  and the quadcopter will begin to roll. It is worthy to note within the equations of 

motion, it doesnôt matter if the system is using a ó+ô or óxô orientation, thus the subscript will not be used. 
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Rolling Torque Ὅ‰ —‪Ὅ Ὅ ὐ—ɱ ὰὟς (2.16) 

Roll Ang. Accel. 
‰
—‪Ὅ Ὅ ὐ—ɱ ὰὟς

Ὅ
 

(2.17) 

Pitching Torque Ὅ — ‰‪Ὅ Ὅ ὐ‰ɱ ὰὟσ (2.18) 

Pitch Ang. Accel. 
—
‰‪Ὅ Ὅ ὐ‰ɱ ὰὟσ

Ὅ
 

(2.19) 

Yawing Torque Ὅ‪ —‰Ὅ Ὅ Ὗτ (2.20) 

Yaw Ang. Accel.  
‪

—‰Ὅ Ὅ Ὗτ

Ὅ
 

(2.21) 

Next, the force along each fixed frame axis can be defined, which include actuators actions and 

aerodynamical effects. These forces can be seen in Equations (2.22) - (2.27) below. To describe these 

equations in a physical sense a use case can be made for Equation (2.23). Beginning with Figure 2.15 below 

depicting each part of the equation. 

 

Figure 2.15-X axis acceleration equation explained 

 

Now, imagine the quadcopter is at a perfectly still hover, neglecting air resistance, and all euler angles are 

at zero. Looking at the X direction acceleration equation, the actuator action portion of the equation is zero 

due to the sin terms, thus the X direction acceleration is also zero. Now, imagine if the roll and yaw angles 

are zero, but the pitch angle is  σπЈ έὶ ὶὥὨ. This means that the acceleration in the X direction would be 

equal to . 
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X force άὢ ÓÉÎ‪ÓÉÎ‰ ÃÏÓ‪ÓÉÎ—ÃÏÓ‰Ὗρ ὃὢ (2.22) 

X Accel. 
ὢ

ÓÉÎ‪ÓÉÎ‰ ÃÏÓ‪ÓÉÎ—ÃÏÓ‰Ὗρ ὃὢ

ά
 

(2.23) 

Y force άὣ ÃÏÓ‪ÓÉÎ‰ ÓÉÎ‪ÓÉÎ—ÃÏÓ‰Ὗρ ὃὣ (2.24) 

Y Accel. 
ὣ

ÃÏÓ‪ÓÉÎ‰ ÓÉÎ‪ÓÉÎ—ÃÏÓ‰Ὗρ ὃὣ

ά
 

(2.25) 

Z force άὤ άὫ ÃÏÓ—ÃÏÓ‰Ὗρ ὃὤ (2.26) 

Z Accel. 
ὤ
άὫ ÃÏÓ—ÃÏÓ‰Ὗρ ὃὤ

ά
 

(2.27) 

It is important to know the difference between the local NED reference frame and body reference frame. 

Equations (2.22) - (2.27) are in the local NED reference frame. To get from the body reference frame to a 

local NED reference frame a rotational transformation must be done. Thus, the accelerations seen in the 

equations above are relative to the local NED axis. If the acceleration were not multiplied by a rotational 

transformation matrix the X or Y acceleration would strictly be dependent on thrust and roll or pitch. An 

example of this can be seen below using Equations (2.22) - (2.27).  

 

Figure 2.16-Local NED frame vs. body reference frame 

To realize the local NED and body frame points of reference, imagine a fixed coordinate system with a 

quadcopter at some point. If the quadcopter is oriented such that it is only pitching forward to travel at a 
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τυЈέὶ “τὶὥὨ angle from the fixed reference point it should have the same local NED frame X and Y 

accelerations. A depiction of this can be seen in Figure 2.16 above. Applying the body euler angles to 

Equations (2.23) and (2.25) which can be seen below, the acceleration, neglecting air resistance, is equal in 

the X and Y local NED frame coordinates.  

ὢ
ÓÉÎ
“
τ
ÓÉÎπ ÃÏÓ

“
τ
ÓÉÎ

“
τ
ÃÏÓπὟρ

ά
 

 

ὢ
Ὗρ

ςά
 

 

ὣ
ÃÏÓ
“
τ
ÓÉÎπ ÓÉÎ

“
τ
ÓÉÎ
“
τ
ÃÏÓπὟρ

ά
 

 

ὣ
Ὗρ

ςά
 

 

To summarize the plant model equations, the forces in each of the 6 degrees of freedom have been defined. 

From these, the directional acceleration can be found, as well as the angular acceleration. It is clear from 

the equations of motion that the directional accelerations depend on roll, pitch and yaw. Because 

acceleration is the 2nd derivative of position, integrals can be performed on the acceleration to get position. 

This is what will be done later to build the Simulink model. This concept can be illustrated in Table 2.6 and 

2.7 below. 

Table 2.6-Motion of equation dependencies 

 Roll Pitch Yaw X Y Z 

Position 
‰ ‰ — — ‪ ‪ ὢ ὢ ὣ ὣ ὤ ὤ 

Velocity 
‰ ‰ — — ‪ ‪ ὢ ὢ ὣ ὣ ὤ ὤ 

Acceleration ‰ — ‪ ὢ ὣ ὤ 
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Table 2.7-State and equation summary 

State/Input Dependencies Equation 

— — — — 

— — — — 

— ‰ȟ‪ȟɱȟὟσ —
‰‪Ὅ Ὅ ὐ‰ɱ ὰὟσ

Ὅ
 

‰ ‰ ‰ ‰ 

‰ ‰ ‰ ‰ 

‰ —ȟ‪ȟɱȟὟς ‰
—‪Ὅ Ὅ ὐ—ɱ ὰὟς

Ὅ
 

‪ ‪ ‪ ‪ 

‪ ‪ ‪ ‪ 

‪ —ȟ‰ȟὟτ ‪
—‰Ὅ Ὅ Ὗτ

Ὅ
 

ὢ ὢ ὼ ὼ 

ὢ ὢ ὼ ὼ 

ὢ ‪ȟ‰ȟ—ȟὟρ ὢ
ÓÉÎ‪ÓÉÎ‰ ÃÏÓ‪ÓÉÎ—ÃÏÓ‰Ὗρ ὃὢ

ά
 

ὣ ὣ ὣ ὣ 

ὣ ὣ ὣ ὣ 

ὣ ‪ȟ‰ȟ—ȟὟρ ὣ
ÃÏÓ‪ÓÉÎ‰ ÓÉÎ‪ÓÉÎ—ÃÏÓ‰Ὗρ ὃὣ

ά
 

ὤ ὤ ὤ ὤ 

ὤ ὤ ὤ ὤ 

ὤ ‪ȟ‰ȟὟρ ὤ
άὫ ÃÏÓ—ÃÏÓ‰Ὗρ ὃὤ

ά
 

ɱ  ɱȟɱȟɱȟɱ  ɱ ɱ ɱ ɱ ɱ  

5ρ ɱȟɱȟɱȟɱ  Ὗρ ὦɱ ɱ ɱ ɱ  

5ς ɱȟɱ  Ὗς ὦ ɱ ɱ  

5σ ɱȟɱ  Ὗσ ὦɱ ɱ  

5τ ɱȟɱȟɱȟɱ  Ὗτ Ὠɱ ɱ ɱ ɱ  

5ρ ɱȟɱȟɱȟɱ  Ὗρ ὦɱ ɱ ɱ ɱ  

5ς ɱȟɱ  Ὗς ὦÓÉÎ
ὴὭ

τ
ɱ ɱ ɱ ɱ  
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5σ ɱȟɱ  Ὗσ ὦÓÉÎ
ὴὭ

τ
ɱ ɱ ɱ ɱ  

5τ ɱȟɱȟɱȟɱ  Ὗτ Ὠɱ ɱ ɱ ɱ  

 

2.1.5 Quaternions 

Although quaternions will not be used in this paper, it would be an incomplete depiction of quadcopters 

without mentioning them. Quaternions are simply another way to represent a quadcopters angular position, 

similar to roll, pitch and yaw angles. Quaternions are represented with a 4-element vector. The reason to 

use quaternions is to eliminate gimbal lock which is a loss of one degree of freedom and occurs when two 

axes of rotation are driven into a parallel configuration.  

To start realizing quaternions, one can begin with a unit vector around a normal 3D axis system. This unit 

vector and the unit vector rotation, along with some equations are all thatôs needed to realize quaternions. 

This can be seen in Figure 2.17 below.  

 

Figure 2.17-Quaternion realization 
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At this point the information representing the resultant vector and its rotation are (ɮȟὢȟὣȟὤ. The next 

thing to do is define quaternion equations. These can be seen in Equations (2.28) - (2.31) below.  

ή ÃÏÓ
ɮ

ς
 

 
(2.28) 

ή ὢÓÉÎ
ɮ

ς
 

 
(2.29) 

ή ὣÓÉÎ
ɮ

ς
 

 

(2.30) 

ή ὤÓÉÎ
ɮ

ς
 

 
(2.31) 

 

These components are what make up quaternions. They are 4 unit vectors which contain one scalar and 3 

components that represent vectors. Thus, the final quaternion 4 unit vector can be seen in Equation 2.32 

below.  

▲ ή ή ή ή  

 
(2.32) 

 

The final mention with respect to quaternions is how to convert from Euler angles to quaternions, and then 

back again. First, converting from Euler angles to quaternions can be seen in Equations (2.33) - (2.36) 

where C represents cosine, and S represents sine.  

ή ὅ
‰

ς
ὅ
—

ς
ὅ
‪

ς
Ὓ
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Ὓ
—
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Ὓ
‪
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(2.33) 
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(2.34) 
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(2.35) 
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ς
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ς
Ὓ
—
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ὅ
‪

ς
 

 

(2.36) 
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Secondly, converting from quaternions back to Euler angles. This can be seen in Equations (2.37) - (2.39) 

below. 

‰ ÔÁÎ
ςήή ήή

ή ή ή ή
 

 

(2.37) 

— ÓÉÎςήή ήή  

 
(2.38) 

‪ ÔÁÎ
ςήή ήή

ή ή ή ή
 

 

(2.39) 
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2.2 Basic Simulink Plant Model 

Now that the basic equations of motion have been generated, the Simulink plant model can now be formed. 

The MATLAB script and Simulink models for this section can be found in the folder titled 

óBasic_Simulink_Modelô. First, a basic script that defines the inertia moments, rotor inertia, length, mass, 

thrust, and drag coefficients needs to be created. Then the Simulink model is created. Starting with a fresh 

Simulink block diagram, first define the solver options. On the top bar of Simulink hit Simulation, then 

Model Configuration Parameters. Under solver option, make sure the type is variable step, and the solver 

is on auto. A new subsystem can now be defined and named ñQuadcopter plantò. The subsystem has 4 

inputs (ɱȟɱȟɱȟɱ ) and 6 outputs (X, Y, Z, roll, pitch, yaw). At this point the model should be looking 

like Figure 2.18 and 2.19 below. 

 
Figure 2.18-Quadcopter plant subsystem block 

 
Figure 2.19-Quadcopter plant subsystem block inputs and 

outputs 

 

Next, the inputs need to be set up. Here another subsystem block is created, and dependent on the orientation 

style (ó+ô or óxô), Equations (2.4) - (2.7) or (2.8) - (2.11) are used. Itôs know that 4 inputs (ɱ , ɱȟɱ , ɱ ) 

and 5 outputs (ὟρȟὟςȟὟσȟὟτ, ɱ ) are needed. One of the main reasons this block is needed is to generate 

ɱ  and the thrust inputs to the plant. This block is also later used to store motor dynamics. The first thing 

that is done in this block is form Equation 2.12 to generate ɱ . This can be seen in Figure 2.20 below.  
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Figure 2.20-Angular velocity equations 

 

Now that the angular velocities have been summed, the thrust inputs need to be formed. This is done by 

following Equations (2.8) - (2.11). This can be seen in Figure 2.21 below.  

 
Figure 2.21-Angular velocity and thrust equations 
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The ó+ô configuration can also be formed. This can be seen in Figure 2.22 below.  

 
Figure 2.22-'+' orientation input commands 

 

The next step in the process is to use Equations (2.17), (2.19), and (2.21) to create the angular accelerations. 

First create a subsystem block, there will be 3 outputs (‰ȟ —, and ‪) and 7 inputs (‰ȟ—, ‪, ὟςȟὟσȟὟτ and 

ɱ ). Within this block, other blocks can be created for each of the equations. This can be seen in Figure 

2.23 below.  
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Figure 2.23-Quadcopter plant angular acceleration equations 

Since the model now has the angular accelerations, the angular velocities and positions are needed. This 

can be done by taking integrals of the acceleration. This can be seen in Figure 2.24 below.  
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Figure 2.24-Angular accelerations to angular velocities and positions 

Now a subsystem block for Equations (2.23), (2.25), & (2.27) can be created. Itôs known from the equations 

3 outputs (ὢȟὣ and ὤ) and 7 inputs (ὢȟὣȟὤȟ‰ȟ—, ‪ and Ὗρ) are needed. Similar to the angular accelerations, 

subsystem blocks can be created for each of the axial accelerations. This can be seen in Figure 2.25 below.  
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Figure 2.25-Quadcopter plant angular acceleration equation blocks 

From this point the axial accelerations and positions need to be made. This can be done using integral 

blocks. This can be seen in Figure 2.26 below.  

 

Figure 2.26-Quadcopter plant integrals 

 

ὢί ίὢί 

ὣί ίὣί 

ὤί ίὤί 
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The final plant model can be seen in Figure 2.27 below.  

 

Figure 2.27-Quadcopter plant feedback 

 

2.3 Real World Limits  

At this point a general plant model has been created by simply using the equations of motion, along with 

input thrust equations. An important aspect to realize about the model is that the equations of motion do 

not perfectly represent a quadcopter. For instance, in many quadcopters the motors only spin in one 

direction, or that the quadcopter cannot physically be in the positive Z coordinate (depending on frame of 

reference of course). Because of this, limits need to be applied to the model.  

First, the frame of reference needs to be considered. For this model the X and Y directions will be free, and 

the Z direction will be limited from zero to negative infinity . This is because the negative Z direction is up. 

There are multiple methods that can be used to implement these limits to the model. The saturation block 

can be used, or integral limits can be applied. Applying the integral limit can be seen in Figure 2.28 below.  
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Figure 2.28-Applying integral limits 

Next, limits should be applied to the angular velocity of the rotors. Some quadcopters possess the ability to 

reverse the velocity of their rotors midflight, however, the model being created this shall only possess the 

ability to rotate in one direction. These limits should be applied in the subsystem block where the angular 

velocity was found. Here, saturation blocks will be used, limited from zero to infinity. In later sections the 

angular velocity will no longer have an upper limit of infinity due to motor dynamic limitations. The 

application of these limits can be seen in Figure 2.29 below.  

 

Figure 2.29-Applying angular velocity limits 

Lastly, the euler angles can be wrapped. This limits the angles to be between -pi and pi. This limit can be 

placed in the model in the integrals from angular velocity to angular position. This step can be seen in 

Figure 2.30 below.  
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Figure 2.30-Limiting euler angular positions 

At this point some inputs can be applied to the plant model. Since the input to the plant is rotor angular 

velocity either a constant block or step block can be sued to represent an angular velocity input. Thrust, 

roll, pitch and yaw can be simulated by applying velocities that follow Equations (2.4-2.7) or (2.8-2.11). 

These simulations in the 3D plane can be seen in Figures 2.31-2.34 below.  



42 

 

 
Figure 2.31-Thrust plant simulation 

 
Figure 2.32-Roll plant simulation 

 
Figure 2.33-Pitch plant simulation 

 
Figure 2.34-Yaw plant simulation 

2.4 Motor Dynamics 

Now that a basic quadcopter plant model has been generated, more detail can be added to it. As the plant 

model is presently, the motors can continue building angular velocity and generate instant thrust. This 

would not happen in an actual quadcopter due to power and motor limitations. In order to model the 

limitations of the quadcopter, the brushless DC motor must be modeled. The motor model input is voltage, 

the states are current, and angular acceleration, the parameters include a damping coefficient, and torque 

coeffect, and the output is motor angular velocity.  
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2.4.1 Motor Dynamics Equations 

 Starting with the most basic motor model, a series circuit, composed of a voltage source, resistor, inductor 

and voltage drop across the motor, the modeling can begin. The motor block diagram can be seen in Figure 

2.35 below along with the parameters in Table 2.8 below. 

Table 2.8-Motor model parameters 

ὐ Rotor moment of inertia ὯὫϽά  

ὦ Damping coefficient ὔάί 

ὑ  Back electromotive force coef. ὠίȾὶὥὨ 

ὑ Torque coefficient ὔάȾὃ 

Ὑ Electrical resistance ɱ 

ὒ Electrical Inductance Ὄ 

 

 

Figure 2.35-Basic DC motor model 

This model has several important DC motor first principal equations associated with it which leads to 

forming transfer functions for the system [11].  

ὒ
ὨὭ

Ὠὸ
ὠ ὙὍὑ ɱ 

(2.40) 

ὐ
Ὠύ

Ὠὸ
ὑὍ ὦ‫ 

(2.41) 
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Using data generated with a dynamometer the parameters can be found. Beginning with torque, current and 

time data, torque over current can be plotted to find the motor torque constant. Plotting this data, a plot that 

looks similar to the plot seen in Figure 2.36 below can be generated. The torque coefficient is taken where 

the thrust will hover the quadcopter, which in this case is ὑ πȢππςυυ ὔάȾὃ. Since ὑ and ὑ  are 

equal ὑ πȢππςυυ ὠίȾὶὥὨ. The damping coefficient can be found in a similar way to the torque 

coefficient. It can be found by plotting torque vs. angular velocity. This plot can also be seen below in 

Figure 2.37, where it can be seen that the damping coefficient is roughly ςȢτρυφ ὔάί . ὐ can be 

determined from finding the moment of inertia of the propeller which was found while creating the plant 

model. The inductance and resistance can in most cases be found in the motors datasheet.  

 

Figure 2.36-Motor torque coefficient plot 

 

Figure 2.37-Motor damping coefficient plot 

2.4.2 Motor Simulink Model   

With the equations seen in section 2.4.1, the Simulink model can be built, which can be seen in Figure 2.38 

below. The MATLAB script and Simulink model for this section can be found in the folder titled 

óMotor_Modelô. It should be noted that the model comes with limits on top of the differential equations 

shown above. Integration limits should be put on both integrals limiting the lower limit to zero.  
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Figure 2.38-Simulink basic DC motor model 

Applying a step to the system using the parameters seen below. The output velocity can be seen in Figure 

2.39 below.   

Table 2.9-Motor parameters 

ὐ φȢυὩ χ ὯὫϽά  

ὦ ςȢτρυφ ὔάί 

ὑ πȢππςυυ ὠίȾὶὥὨ 

ὑ πȢππςυυ ὔάȾὃ 

Ὑ πȢρρχ ɱ 

ὒ ρȢρχὩ τ Ὄ 

 

 

Figure 2.39-Motor dynamics plant model step response 
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An important aspect of the motor model to understand is the frequency response (FRF), or bode plot. Prior 

to obtaining the FRF, the systemôs transfer function should be found. The transfer function can be found 

using MATLABôs system ID toolbox. To use the toolbox, input and output step response data needs to be 

acquired using To Workspace blocks in Simulink. Next, open the system identification toolbox by using 

the ósystemIdentificationô command, and import the input (voltage) and output (angular velocity) time 

domain data. This step can be seen in Figure 2.40 below.   

 

Figure 2.40-System identification toolbox 

Next, use the system identification toolbox to estimate the transfer function by choosing estimate transfer 

function. The estimate should automatically be populated in the workspace. Using the step function, the 

estimated transfer functionôs step response can be plotted over the actual systems step response. This can 

be seen in Figure 2.41 below. 
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Figure 2.41-Actual vs transfer function step responses 

From here the margin function can be used to view the FRF of the transfer function. Along with the FRF, 

useful information to know is where the poles and zeros of the system are. These can be found using the 

ὴᾀάὥὴ function within MATLAB. Both the FRF and pole-zero map of the motor model can be seen below.  

 

Figure 2.42-Motor plant model frequency response 

 

Figure 2.43-Motor plant model pole-zero map 

A significant amount of information can be generated from the bode plot. What this magnitude plot shows 

is that for all frequencies up to 1100 rad/s the output is greater than the input. However, the output is greater 

at lower frequencies than at higher frequencies. What frequency the poles and zeros are can also be 

deciphered directly from the FRF. The poles are around 4 rad/s, however these can be confirmed with the 
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pole-zero plot.  Inputting a biased sinusoid to the open loop motor model can demonstrate the concept seen 

in the bode plot. Figure 2.44 has a sinusoidal input to the motor model with a frequency of 1 rad/s, the 

output of the motor model has a sinusoidal signal that is roughly 50 dB greater than the input, which is what 

the bode plot depicts. Figure 2.45 has a sinusoidal input to the motor model with a frequency of 100 rad/s, 

the output of the motor model has s sinusoidal signal that is roughly 27 dB greater than the input signal, 

which is also represented in the bode plot.  

 

Figure 2.44-Motor model input & output at 1 rad/s 

 

Figure 2.45-Motor model input & output at 100 rad/s 

2.4.3 Brushless DC Motor Control 

Now that the motor model has been created a controller needs to be implemented. A motor controller is 

needed to ensure the that motor is operating at the desired angular velocity. Multiple methods can be used 

to control the motor. For now, simply closing the loop, or applying unity proportional feedback will be 

used. Closing the loop is one of the simplest feedback control methods that exist. The closed loop motor 

model can be seen in Figure 2.46 below. Closing the loop means that feedback is taken from the output, 

assuming the output is observable, and it is subtracted from the desired state. The error term is then fed 

back into the plant. 



49 

 

 

Figure 2.46-Closed loop motor control 

The FRF of the closed loop system can be seen in Figure 2.47 below. Here it can be seen that the controller 

does a relatively good job of keeping the gain of the system constant at lower frequencies.  

 

 
Figure 2.47-Closed loop motor model bode plots 

 
Figure 2.48-Controlled motor model step response 

Because there is a close to a zero dB gain at low frequencies of the closed loop system a constant input 

should provide close to zero steady state error. The step response can be seen in Figure 2.48 above. It is 

worthy to note that the step would have a much faster settling time if  a voltage saturation block was not 

used. The system is limited to a max voltage of 12 volts.  

Now that the motor dynamics are controlled, they can be incorporated them into the Simulink plant model. 

The motor dynamics can be put into a subsystem block and placed into the óOmega Calcô subsystem block 

within the plant model. The system outputs and RPMs can be plotted once the system becomes controlled 

in later sections. 
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Figure 2.49-Plant model with motor dynamics 

This is a good model of a DC motor but, brushless motors that are used in quadcopters are controlled a 

slightly different way. They require ESCôs to work properly and are driven using a PWM signal, which 

have update delays along with step times associated with them. The PWM that is used is defined by the 

duty cycle. The duty cycle defines how much of a PWM signalôs period is high or low. For example, a duty 

cycle of 100% would be a signal that is entirely high, a duty cycle of 50% would be a signal that is half 

high and half low. This is then related to voltage which commands the motors.  

2.5 Battery Modeling 

The battery of a quadcopter supplies power to components such as the motors, flight controller and receiver. 

Understanding battery dynamics is important to know. The battery voltage, current, and amp hour capacity 

are all important parameters to know about the battery. In the simulation domain the input to the battery is 

the current draw, and the output is voltage. States include state of charge, voltage, current, and temperature. 

Some of the parameters include battery capacity, and discharge rate.  
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2.5.1 Battery Model Equations 

Looking at a quadcopters LiPo battery data sheet, which can be seen below, there are multiple terms that 

can be defined. 

 

Figure 2.50-LiPo battery [12]  

Starting with the Capacity, this is a measure of how much power the battery can hold. This rating is in the 

unit of milliamp hours, which means how much current the battery can supply constantly per hour. For the 

battery pictured above, it would be able to supply a constant 700mA, or 0.7A for 1 hour. 

Next, the Configuration, this has to do with the number of cells within the battery. Each cell, or the ñSò 

count supplies around 3.7 volts. The battery above has a 3S configuration, which means 3 cells, which 

together provide 11.1 volts [13]. This voltage is important with respect to the motors, as each motor has a 

KV rating which tells how fast the motor will run per volt supplied. For example, a 5000 KV motor will 

run at 50,000 RPM if 10 volts are supplied. With higher cell count, motors can rotate faster. 

Ὑὖὓ ὠέὰὸίὑzὠ 
 

(2.42) 

Constant Discharge and Peak Discharge have to do with how much current can safely be supplied by the 

battery. For these numbers to be useful, the battery capacity also needs to be known. The equation to find 

the continuous current is capacity (Amps) times the constant discharge, or peak discharge C rating. The 
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result will give a constant and burst current amount. For example, the safe current discharge rate is 60 times 

0.7A which equals 42A, which means the battery can safely supply 42 amps.  

ὈὭίὧὬὥὶὫὩ ὅόὶὶὩὲὸὈὭίὧὬὥὶὫὩ ὙὥὸὩzὅὥὴὧὭὸώ 

 

(2.43) 

The other parameters seen on the spec sheet have to do with physical properties of the battery. The mass, 

and dimensions of the batter will affect the moment of inertia calculations. The charging ports will affect 

what types of chargers that can be used to charge and discharge the battery. 

2.5.2 Battery Simulink Model 

At this point there are enough equations to model the battery/flight time of the quadcopter. The MATLAB 

script and Simulink model for this section can be found in the folder titled óBattery_Modelô. The main 

equations that are needed are the capacity and discharge equations. To begin modeling the battery, open the 

Simulink plant model where the motor dynamics are stored. The battery will be modeled here because the 

motors are what need the most amount of power from the battery. Start the model by initializing the 

parameters of the battery in a MATLAB script which include the battery capacity, and discharge rates, then 

calculate the safe operating current. Next, create a new subsystem battery block. This block will have one 

input, current draw, and two outputs, available current and battery voltage. The motor dynamics block will 

also need to have input and outputs added to it, one that is used to calculate current draw, a second to limit 

the amount of current supplied and a third to limit the voltage. Once that is done the new Simulink plant 

model should look like Figure 2.51 below.  
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Figure 2.51-Simulink battery plant model 

Itôs know from the battery spec sheet what the capacity is, for example, 700 mAh. This means a constant 

700 mA for an hour. From there it can be multiplied by 60 to get how many amps can be supplied per 

minute, then multiplied by 60 again to get how many amps can be supplied per second. After doing this, 

multiplication, a constant amount of available current per 3600 seconds has been created. The goal of 

modeling the battery is to capture how much current the motors need, and to continually subtract that from 

this total amount. To envision this, imagine a full gas tank. The number of gallons is similar to the constant 

amount of current. Driving causes the gas level to go down which is the same idea as the current total 

decreasing when the motors need current. At this point the current draw from the motors needs to be 

captured. The current can be seen in the motor model after the first integral term, then summing the current 

of each motor. The process should done within each motor dynamic subsystem then summed in the omega 

calculation subsystem. The motor model and omega subsystems Simulink model that describe this process 

can be seen in Figures 2.52 and 2.53 below.  
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Figure 2.52-Motor model current output 

 

Figure 2.53-Motor's current summation 

At this point there should be a total current draw vector coming from the Omega calculation subsystem. 

This can now be summed and subtracted from the total current. However, before this is done it should be 

noted how Simulinkôs summing blocks work. As in the summing block above, each time sample iteration 

provides a new sum. This means that if a to workspace block was used, the sum at each time sample would 

be able to be captured. This block does not continually sum new samples with previous samples, which is 

what the goal is. To sum the total current drawn, a time delay block will be used as a feedback loop to a 

summing block. This delay block saves the previous sum and adds it to the new sum. A rate transition block 

can be used to increase or decrease the sample time, it is also used to ensure that the total current available 

is correct. This Simulink model can be seen in Figure 2.54 below.   

 

Figure 2.54-Total current calculation 

At this point itôs known that the total amount of current available per 3600 seconds, however our current 

addition scheme seen above sums the total current at 1000Hz sample rate. To account for this the total 

current available needs to be multiplied by 1000. Next, the total current draw can be subtracted from the 
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total current. Limits need to be placed on the available current such that the motors do not draw more than 

the battery is rated for. The maximum current that can be drawn, or max burst current is the burst C rating 

times the battery capacity. This calculation can be seen in Figure 2.55 which also contains the current limit 

block.  

 

Figure 2.55-Available current limited 

Now that the current has been limited, the current within the motor dynamics subsystems can be limited. 

This can be done by adding inputs to the motor dynamics blocks then using a limiting block. This can be 

seen in Figure 2.56 below.  

 

Figure 2.56-Current limiting motor dynamics 

At this point if the model runs long enough the current supply will eventually dry-up and the motors will 

no longer spin. Another aspect that is useful to know is the battery voltage curve. The battery voltage 

discharge curve is dependent on type of battery, initial charge, and discharge rate. The curve is important 
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because if a battery is discharged too far it can damage the battery. This can be simulated in Simulink using 

the SimScape library.  

In the battery subsystem, place the SimScape battery component and change the type of battery to the one 

that is being simulated, and populate the parameters using the battery of interest. Next, run the current draw 

through the battery using a controlled current source block. Lastly, place a powergui block to have the 

SimScape blocks run. The battery block outputs the battery voltage along with the batteryôs state of charge, 

which represents the amount of power left in the battery. The SimScape portion of the Simulink diagram 

can be seen in Figure 2.57 below.  

 

Figure 2.57-SimScape battery model 

Now that the voltage of the battery is modeled, it can be compared to experimental results. Figure 2.58 

below shows a comparison of experimental to simulated battery results.  
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Figure 2.58-Battery experimental & simulated results 

Now the battery simulation can be used to limit the supply voltage of the motor models. This can be done 

in the same way that the current was limited. The Simulink diagram of the voltage and current limited motor 

dynamics can be seen in Figure 2.59 below. 

 

Figure 2.59-Voltage and current limited motor dynamics 

Running a hover simulation, the battery voltage, state of charge, and quadcopter altitude can be plotted. 

The results of the simulation can be seen in Figure 2.60 below. Figure 2.60 shows how the quadcopter 

drops when the state of charge becomes zero.  
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Figure 2.60-Battery and model dynamics 

Chapter 3 - Quadcopter Sensors 

The plant model represents the ideal response of the system given inputs, but in the real world thatôs not 

exactly what the quadcopter will do. There are many factors playing a role in the motion of the quadcopter 

such as wind, temperature, and approximations when creating the model. The feedback in quadcopters 

comes from several types of sensors. These include accelerometers and gyroscopes which are generally 

housed within what is called an Inertial Measurement Unit (IMU). The gyroscope provides angular velocity 

data and the accelerometer provides axial acceleration data. When modeling a quadcopter, the ideal form 

of sensors can be described as feed through, which means that the output of the plant goes directly to the 

controller. Real world modeling of the sensors includes sensor bias, noise, and delay additions.  
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Figure 3.1-Quadcopter sensors 

3.1 Gyroscope/Accelerometer Equations 

The gyroscope/accelerometer are sensors that measures the three rotational velocities and three axial 

accelerations. This data is usually filtered, then fed into the controller. In essence these sensors provide 

ὢȟὣȟὤȟ—ȟ‰ and ‪. The sensors are housed in the flight controller which is ideally placed in at the center of 

the quadcopter in order to provide the most accurate data. A very important aspect of using these sensors is 

initialization. Generally, these sensors will have a biased output, which means the reading isnôt perfect. 

However, this bias can be removed by initializing the sensors. Imagine a quadcopter is sitting perfectly still 

on a table. Its known that the accelerometer should be reading zero acceleration in the X and Y direction, 

and 9.81 άȾί  in the Z direction, and the gyroscope should read zero rotational velocities in all three axis. 

The sensors most likely will not be reading those values. Initialization is recording the bias and subtracting 

it from the measured accelerations. 

These sensors also have a delay associated with them. This delay can be modeled as a low pass filter. Along 

with the low-pass filter, they have a bias gain associated with them and lastly noise. These aspects of the 

sensors can be added as seen in Equation (3.1) below.  

ὛὩὲίέὶ ὕόὸὴόὸ ὑ ὒέύὖὥίίὔέὭίὩ 

 

(3.1) 
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3.2 Sensor Simulink  Model 

Because the model isnôt taking in any raw data, the initialization process canôt be demonstrated perfectly, 

however, the concept can be demonstrated. Itôs assumed that the input to the gyroscope and accelerometer 

come from the plant model. The MATLAB script and Simulink model for this section can be found in the 

folder titled óSensorsô. This is a fair assumption for the gyroscope data, however the accelerometer data 

will be inaccurate. This is because the plant model uses a rotational matrix to transformation the acceleration 

to the local NED reference frame from the body frame. To achieve a more accurate model of the sensors 

the same rotational matrix must be used to transform back to the body frame. This equation can be seen 

below, where c represents cosine and s represents sine. This matrix multiplication will be covered further 

in Section 4.4. 

ὢ

ὣ

ὤ

ÃʕÃʃ ÓʕÃה ÃʕÓʃÓה ÓʕÓה ÃʕÓʃÃה
ÓʕÃʃ ÃʕÃה ÓʃÓʕÓה ÃʕÓה ÓʃÓʕÃה
Óʃ ÃʃÓה ÃʃÃה

ὢ

ὣ

ὤ

 

 

(3.2) 

 The Simulink model of this can be seen in Figure 3.2 below.  

 

Figure 3.2-Accelerometer and gyroscope in model 



61 

 

First simulate just the plant model with zero inputs to generate the average of all the sensor outputs. Because 

this is an ideal model, the zero input sensor outputs will be ideal (ὢ πȟὣ πȟὤ ωȢψρȟ— πȟ‰ π 

and ‪ π), however a bias can be added to the signals with a simple addition block. The next step is to 

record the outputs, then take the average and subtract the bias from the sensor output. This step can be seen 

in the gyroscope block below. Once this is done the sensors are initialized! 

 

Figure 3.3-Bias subtraction 

Actual IMUôs have noise associated with their signals as well a bandwidth. This noise and filtering can also 

be simulated within the Simulink model. Normally distributed noise can be added to the accelerometer and 

gyroscope similarly to how the bias was added to them. This step can be seen in Figure 3.4 below. 

 

 

Figure 3.4-Addition of noise to IMU 
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Once the noise is added, the same steps as above can be done to unbias the sensors. Figure 3.5 & 3.6 below 

depicts the un-biasing of the IMUôs. 

 

Figure 3.5-Gyroscope bias removal 

 

Figure 3.6-Accelerometer bias removal 

What may come as a surprise, because the noise seems somewhat significant in Figures 3.5 & 3.6 above, is 

that the noise doesnôt affect the modelôs outputs as much. The plant model outputs the 2nd order integral of 

the accelerometer and first derivative of the gyroscope. This means that the accelerometer data is put 

through two forms of low pass filters, and the gyroscope goes through one. The bode plot of a 2nd order 

integral filter can be seen in Figure 3.7 below.  

 

Figure 3.7-Second order pole FRF 
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What this means is that higher frequency noise seen from the gyroscope and accelerometer will have less 

power once it goes through the integrators and out of the plant model. This concept can be seen in Figures 

3.8 & 3.9 below. There is less noise in the position, however, there is what is called drift noise. This means 

that the quadcopter wanders. The use of GPS can aid in the reduction of wander. 

 

Figure 3.8-Gyrosocope output compared to plant output 

 

 

Figure 3.9-Accelerometer output compared to plant output 

 

3.3 Complimentary filter 

An interesting aspect of the accelerometer and gyroscope sensors is that the accelerometer can provide the 

same angle measurement as the gyroscope through basic trigonometry. Not only can the accelerometer 

provide the same angular position, it is more accurate at low frequencies than the gyroscope! Since both 

sensors can provide angular data, a filter is required to decipher what data to use for feedback. This is where 

the complimentary filter comes in. The filter uses two first order filters, one high pass and one low pass. 

The accelerometer data is ran through the low pass filter and the gyroscope data is ran through the high 

pass filter then the filters are summed such that high frequency data comes from the gyroscopes and low 

frequency data comes from the accelerometers. An illustration of this can be seen in Figure 3.10 below.  
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Figure 3.10-Complimentary filter illustration 

Before this can be done the accelerometer equations need to be formed such that the rotational data can be 

generated. These can be seen in Equations (3.3) - (3.4) below. The accelerations are body reference 

accelerations.  

‰ ÔÁÎ
ὣ

ὤ
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(3.4) 

 

With the high level model seen in Figure 3.10, along with Equations (3.3) and (3.4) the complimentary 

filter can be formed in Simulink. The first task that should be done is creating a new sub system that will 

contain the filter. The inputs for the subsystem should be the body reference accelerations, along with the 

gyroscope angular velocities. The outputs of the subsystem should also be body reference accelerations 

along with the three euler angles.  

At this point, the euler angles need to be formed from the body reference frame accelerations. This can be 

done using a MATLAB function block. These blocks allow the use of code to execute functions. Using 

Equations (3.3) and (3.4) the function block contents can be seen in Figure 3.11 below.  
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Figure 3.11-Simulink MATLAB function block code snip converting acceleration to euler angle 

Next comes the implementation of the complimentary filter. This is formed quite similar to the model seen 

in Figure 3.10. All that is needed is an integrator block and transfer function blocks. The continuous time 

equations for first order low and high pass filters can be seen in Equations (3.5) and (3.6) below where T is 

inversely proportional to the filters cut off frequency.  
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These high and low pass filters can be implemented into Simulink relatively easily. The complimentary 

filter Simulink model can be seen in Figure 3.12 below. 

 

Figure 3.12-Complimentary filter Simulink implementation 

With a filter being used for both the roll and pitch of the quadcopter, a simulation can be formed. Using a 

chirp signal, which varies frequency, a sinusoidal roll angle can be simulated. With the increase in 
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frequency the filter can be seen slowly change the weight of the accelerometer data vs the gyroscope data. 

This simulation can be seen in Figure 3.13 below.  

 

Figure 3.13-Complimentary filter simulation with 0.5 rad/s cutoff frequency 

Real quadcopter data can also be used to see the effects of the complimentary filter. Raw quadcopter 

accelerometer and gyroscope data can be seen in Figures 3.14-3.15 below.  

 
Figure 3.14-Raw accelerometer data 

 
Figure 3.15-Raw gyroscope data 
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With this data, the complimentary filter can be implemented. The roll angle output of the complimentary 

filter an be seen in Figure 3.16 below with accelerometer and gyroscope weighting. It can be seen that the 

gyroscope takes over at high frequencies and the accelerometer takes over at lower frequencies.  

 

Figure 3.16-Roll angle complimentary filter output with 0.5 rad/s cutoff 
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Chapter 4 - Building the Controller  

4.1 Controller  

The controller is a very importation portion to any system as without it the system would inherently be 

unstable. There are many different control methods but for this section PID control is used. A high level 

model of a control system can be seen in Figure 4.1 below. 

 

Figure 4.1-High level control architecture 

The aspects that need to be controlled are altitude, roll angle, pitch angle and yaw velocity. Feedback from 

the plant model that was created is used to close the feedback loop. In many cases the user will be controlling 

throttle to the quadcopter opposed to altitude. However, it is rather difficult to maintain a constant altitude 

in simulation without a controller, thus one will be used. To use a PID controller a desired state, or setpoint 

is needed. For example, the desired altitude is 1. Next, the error signal needs to be created, which is done 

by subtracting the feedback from the desired state. The objective of the controller is to drive the error to 0. 

A good representation of the PID control scheme can be seen in Figure 4.2 below.  



69 

 

 

Figure 4.2-PID controller [14]  

The Proportional part of the controller produces a general gain for the system. The Integral portion adjusts 

the gain by accumulating the error signal. The Derivate portion adjusts the gain by looking at the slope of 

the error signal, greater slope, greater contribution.  Each portion of the PID controller sums to create the 

input for the plant model.  

4.2 PID Controller 

PID controllers can be represented as gains in Simulink, or as a continuous time transfer function. A transfer 

function is a mathematical way of describing the output of a system given an input. The continuous time 

transfer function can be formed using time domain data with the Laplace transform. A PID controller can 

be represented with the following transfer function. 

Ὃ ί
ὑί ὑί ὑ

ί
 

 

(4.1) 

The transfer function of a controller/plant model changes when feedback is introduced. Without feedback 

the system transfer function can be represented by multiplying the controller and plant transfer function. 

The closed loop transfer function is found by solving for the output of the system over input of the system. 

The open and closed loop transfer functions can be seen in Table 4.1 below. 
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Figure 4.3-Feedback control system 

 

Table 4.1-Open and closed loop transfer function 

Open Loop Ὄί Ὃ ίὋ ί 

 

(4.2) 

Closed Loop 
Ὄί

Ὃ ίὋ ί

ρ Ὃ ίὋ ί
 

(4.3) 

 

The transfer functions can be represented in Simulink using the transfer function block. To use the block, 

the coefficients of the numerator and denominator need to be known. Then the coefficients are simply put 

into vector form and input to the transfer function block.  

The controller can be built, starting with another subsystem. Itôs known 10 inputs (X Acceleration, Y 

Acceleration, Z Acceleration, Desired Z, Phi Velocity, Desired Phi, Theta Velocity, Desired theta, Psi 

Velocity, Desired Psi Velocity), and 4 outputs (ɱȟɱȟ ɱȟɱ ) are needed. The feedback are the outputs of 

the sensors. The MATLAB scrip and Simulink model for this section can be found in the folder titled 

óController_Plantô. At this point, on the highest level there should be 3 subsystems, a controller, a plant, 

sensors, and feedback going from the sensors to the controller. It should look like Figure 4.4 below.  
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Figure 4.4- Controller- plant feedback 

Inside the controller, a PID controller for each set of error signals is created. There are a few ways of 

creating PID controllers using Simulink. There is a PID block, but for demonstration reasons they will be 

created with the raw derivative, integral and gain blocks. They are formed very similarly to Figure 4.2 

depicting PID controllers above. Figure 4.5 below shows the PID controller controlling the yaw of the 

system.  

 

Figure 4.5-Simple PID controller 
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Now, create a PID controller for each set of inputs to the controller. An important portion of the PID to 

realize is what each portion of the controller does and knowing what input signals will be simulated. An 

input signal that is normally used as a desired signal is the step signal. One of the problems with the PID 

controller and step responses is that the derivative term can cause impulses in the system. Imagine at time 

zero, a step is applied to the altitude control. The error will be 1, the slope of the error will be vertical. Since 

the derivative calculates the slope of the line, this will cause an impulse in the PID control effort, which is 

undesirable. Because of this, a PI-D structure can be used, as this structure simply uses the slope of the 

state, and not the error [8]. To accomplish this with the sensor feedback, integrals need to be taken such 

that the desired state have the same units as the feedback states. Once all the controllers are created in the 

controller subsystem block, the next step is to separate out the angular velocities. This can be done by 

backing out of Equations (2.4) - (2.7) for the ó+ô configuration or Equations (2.8) - (2.11) for the óxô 

configuration. Once this is done the controller subsystem should be like Figure 4.6 below.  

 

Figure 4.6-Phi, theta, psi, Z PID controllers 

At this point inputs are ready to be applied and gains can be calculated for each controller. There are many 

methods that can be used to tune PID controllers. For this section, the controllers will be tuned manually. 
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Itôs known that the Proportional portion applies gain to the whole system, thus tuning will start with the 

proportional portion of the altitude controller. Increase the gain until the system rises fast enough. Then 

tune the Integral and Derivative gain such that the system converges. Lastly, fine tune the Integral and 

Derivative gains so desired characteristics are achieved. This can observe the tuning process in Table 4.2 

below using a step input.  

Table 4.2-PID turning process 

P gain=1 

I gain=0 

D gain=0 

όὸ ρὩὸ 

 

Figure 4.7-Altitude control iteration 1 

P gain=10 

I gain=0 

D gain=1 

όὸ ρπὩὸ
Ὠᾀ

Ὠὸ
 

 

Figure 4.8-Altitude control iteration 2 
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P gain=6 

I gain=0.1 

D gain=1 

όὸ φὩὸ πȢρ ὩὸὨὸ
Ὠᾀ

Ὠὸ
 

 

Figure 4.9-Altitude control iteration 3 

P gain=5.8 

I gain=0.5 

D gain=2 

όὸ υȢψὩὸ πȢυ ὩὸὨὸς
Ὠᾀ

Ὠὸ
 

 

Figure 4.10-Altitude control iteration 4 

 

Since a reasonable altitude response as been generated, tuning for roll angle, pitch angle and yaw velocity 

can now be done. These are tested using a limited ramp input. This is because in a real-world controller the 

user would gradually apply the input, opposed to a step. Table 4.3 below shows the tuned controller gains 

and their response.  
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Table 4.3-Manually tuned PID controllers 

Phi P gain=2 

I gain=2 

D gain=0.1 

όὸ ςὩὸ ς ὩὸὨὸπȢρ
Ὠ‰

Ὠὸ
 

 

Figure 4.11-Phi control response 

Theta P gain=2 

I gain=2 

D gain=0.1 

όὸ ςὩὸ ς ὩὸὨὸπȢρ
Ὠ—

Ὠὸ
 

 

Figure 4.12-Theta control response 

Yaw P gain=0.1 

I gain=0.1 

D gain=0 

όὸ πȢρὩὸ πȢρ ὩὸὨὸ 

 

Figure 4.13-Yaw control response 


















































































